We calculate the Polyakov loop susceptibilities in the SU(3) lattice gauge theory using the Symanzik improved gauge action on different-sized lattices. The longitudinal and transverse fluctuations of the Polyakov loop, as well as, that of its absolute value are considered. We analyze their properties in relation to the confinement-deconfinement phase transition.
I. INTRODUCTION
Lattice gauge theory provides a powerful nonperturbative approach to study the phase structure and thermodynamics of a non-abelian gauge theory.
Presumably, the best explored till now are pure lattice gauge theories with the SU(2) and SU(3) color groups [1] [2] [3] [4] [5] [6] . Recently, the equation of state of the SU(3) gauge theory was established with an unprecedented precision in a broad parameter range within lattice approach [7] . The results were extrapolated to the continuum and thermodynamic limit, providing definitive results on the equation of state and the value of critical temperature.
The phase transition in the SU(3) gauge theory is first order and is characterized by the spontaneous breaking of the global Z 3 center symmetry of the Yang-Mills Lagrangian. The Polyakov loop is an order parameter which is linked to the free energy of the static quark immersed in a hot gluonic medium [8, 11] . At low temperatures the thermal expectation value of the Polyakov loop |L| vanishes, indicating color confinement. At high temperatures |L| = 0, resulting in the finite energy of a static quark, and consequently deconfinement of color and the spontaneous breaking of Z 3 center symmetry. The transition temperature can be identified from the peak position of the Polyakov loop susceptibility.
On the lattice, the ultraviolet divergence of the bare quark-antiquark free energy implies, that in the continuum limit, the bare Polyakov loop vanishes for all temperatures. Thus, the Polyakov loop and the related susceptibilities require renormalization to become physically meaningful [11, 12] . While the basic thermodynamics functions of the SU(3) pure gauge theory are well established within lattice approach, the situation is less clear for the temperature dependence of the renormalized Polyakov loop and its susceptibilities.
In this paper we focus on the renormalized Polyakov loop susceptibilities. For color gauge group SU (N c ≥ 3), the Polyakov loop is complex-valued. Consequently, discussing the Polyakov loop fluctuations one can consider susceptibilities along longitudinal and transverse direction, as well as, that of its absolute value. 1 We calculate the temperature dependence of the Polyakov loop susceptibilities within the SU(3) lattice gauge theory. We use the Symanzik improved gauge action on N In our recent studies [13] , we have discussed the ratios of different susceptibilities of the Polyakov loop and motivate their importance as observables to probe deconfinement transition in the SU(3) pure gauge theory. We have shown, that the ratios of susceptibilities display a jump across the critical temperature.
In this paper we extend our previous study and discuss properties of the Polyakov susceptibilities in a broader temperature range. We also study the influence of dynamical quarks on different susceptibilities within lattice gauge theory. We present results based on the Polyakov loop data from simulations in (2+1)-flavor QCD on 32 3 × 8 lattice using the HISQ action with an almost physical strange quark mass and m u,d = m s /20 [14, 15] . We show, that the explicit breaking of the Z 3 center symmetry in QCD, modifies the properties of the Polyakov loop susceptibilities found in the pure gauge theory. The ratios are substantially smoothened but still feature interesting characteristics in connection to the deconfinement phase transition.
In the confined phase and up to near T c , the thermodynamics of the SU(3) gauge theory is well described within the Hagedorn-type model, incorporating glueballs as degrees of freedom [7] . In the deconfined phase, the perturbative approach describes the lattice data from the Stefan-Boltzmann limit down to T > (2 − 3)T c [7] . To quantify the equation of state near T c one needs in general, an intrinsic non-perturbative description in terms of effective models.
The Polyakov loop is the relevant quantity to effectively describe gluo-dynamics [16] [17] [18] . Various models based on the Polyakov loop have been proposed to quantify the deconfinement transition and thermodynamics of a pure gauge theory [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] We take advantage of our new data on different susceptibilities to construct an effective potential for the Polyakov loop, which is consistent with all existing lattice data over a broad range of temperatures. We show, that the incorporation of fluctuation effects, is important to describe thermodynamics of a pure gauge theory.
The paper is organized as follows. In the next Section, we present our lattice results for the Polyakov loop susceptibilities and their ratios. In Section III we introduce the effective Polyakov loop model and its comparison with lattice data . In the last section we present our summary and conclusions.
II. THE POLYAKOV LOOP SUSCEPTIBILITIES ON THE LATTICE
On a N 3 σ × N τ lattice, the Polyakov loop is defined as the trace of the product over temporal gauge links,
Due to the Z 3 symmetry of the pure gauge action, this quantity is exactly zero, when averaging over all gauge field configurations. Furthermore, the Polyakov loop is strongly N τ dependent and needs to be renormalized. We consider the multiplicatively renormalized Polyakov loop [11] ,
and introduce the ensemble average of the modulus thereof, |L ren | . The latter is well defined in the continuum and thermodynamic limits.
The thermal average of the renormalized Polyakov loop can also be obtained from the long distance behavior of the renormalized heavy quark-antiquark free energy F ren[11] , which is defined by the correlation function
In the confined phase, the heavy quark-antiquark free energy rises linearly with distance as r → ∞, hence the Polyakov loop vanishes. The Polyakov loop is finite in the deconfined phase, and can serve as an order parameter for the spontaneous breaking of the Z 3 center symmetry. Note that both definitions, (3) and (4) , are equivalent in the thermodynamic limit.
Using the renormalized Polyakov loop, one can define the renormalized Polyakov loop susceptibility as
Here, we anticipate the factor T 3 to define (5) as an observable in the continuum limit.
In the SU(3) gauge theory, the Polyakov loop operator is complex. Thus in addition to χ A , one can also explore the longitudinal and transverse fluctuations of the Polyakov loop [13] We have computed the Polyakov loop susceptibilities using the (1,2)-tree-level Symanzik improved gauge action on a N (5), (6) and (7), calculated on various lattice sizes, in the SU(3) pure gauge theory. The temperature is normalized to its critical value. from 16 to 64. The temperatures for the three temporal lattice extents are set by varying the bare coupling and use the temperature scale determined by the zero temperature string tension, as well as the critical couplings of the deconfinement transition [9, 10] . The gauge field configurations were generated using one heatbath and four overrelaxation updates per sweep with 15 000 sweeps in general and up to 100 000 sweeps close to the critical temperature, T c .
The renormalization constants, Z(g 2 ), were taken from [11] . The statistical errors were obtained from a Jackknife analysis and do not include any systematic error resulting from the renormalization procedure. In Fig. 1 , we show the lattice gauge theory result for |L ren | as a function of temperature.
While no volume effects are visible in the deconfined phase, data at fixed N τ in the confined phase, show the expected 1/ √ V volume-dependence. Considering results at fixed ratio N σ /N τ , only small cut-off effects can be observed at high as well as at low temperatures. The deviation of the N τ = 4 and 8 data between (1−2)T c may be attributed to the uncertainty in the determination of the renormalization constants, rather than to the cut-off effects.
The results for the renormalized Polyakov loop susceptibilities obtained on different lattice sizes are shown in Fig. 2 . In the close vicinity of the phase transition, 0.95 < T /T c < 1.05, all three susceptibilities show rather strong cut-off and volume effects. Such behavior is expected due to the first order nature of the phase transition in pure gauge theory. Outside this region, the fluctuations of longitudinal and the modulus of the Polyakov loop, show only minimal dependence on N τ and N σ in both phases. The transverse susceptibility χ T in Fig. 2 , however, is seen to exhibit stronger N τ dependence in the deconfined phase.
A. The ratios of susceptibilities
The ambiguities from the renormalization scheme can be avoided by considering the ratios of the susceptibilities (3) gauge theory. The points are from Ref. [7] , whereas the green line is the parametrization of lattice data from Ref. [5] . The black and the dashed lines are obtained in the Polyakov loop models introduced in Section III. Right-hand figure: As in the left-hand figure but for the interaction measure (ǫ − 3P )/T 4 , where ǫ is the energy density.
of the Polyakov loop. These are particularly interesting observables to identify the deconfinement phase transition [13] . In the following , we study the influences of dynamical quarks on these ratios. [14, 15] .
Figs. 3 and 4 show the ratios R
In the SU(3) pure gauge theory (N f = 0), the ratios R A and R T exhibit a θ-like discontinuity at T c , and change only weakly with temperature on either side of the transition. Consequently, the ratios of the Polyakov loop susceptibilities, can be considered as an excellent probe of the phase change. In the confined phase, their constant values can be deduced from general symmetry arguments, and the observation that these susceptibilities are dominated by the quadratic terms of the effective action [13] . In the deconfined phase, the ratio R A ≃ 1, as long as, the center symmetry is spontaneously broken in the real sector. The properties of R T above T c seen in Fig. 4 indicate, that in the SU(3) pure gauge theory the fluctuations of the longitudinal part of the Polyakov loop exceed that of the transverse part, while keeping the ratio almost T -independent.
In the presence of dynamical quarks, the Polyakov loop is no longer an order parameter and stays finite even in the low temperature phase. Consequently, the ratios of the Polyakov loop susceptibilities are modified due to explicit breaking of the Z 3 center symmetry. We therefore expect the smoothening of these ratios across the pseudo critical temperature. Indeed Figs. 3 and 4 show, that in the presence of dynamical quarks, both ratios vary continuously with temperature. We observe that R A interpolates between the two limiting values set by the pure gauge theory, while the width of crossover region can correlate with the number of flavors and values of their masses.
The ratio R T is strongly influenced by the existence of quarks. In addition to the stronger smoothening effect observed, its numerical values in the deconfined phase become temperature dependent, and deviate substantially from the pure gauge result. We also note the abrupt change of slopes of R T and R A near their respective transition point, in spite of the fact, that the light quark masses are small.
A more quantitative investigations of the effects of quarks on the Polyakov loop susceptibilities require further studies on the system size and the quark mass dependence of these quantities, as well as their extrapolation to the continuum and thermodynamic limit. We defer such analysis to later research.
III. THE POLYAKOV LOOP POTENTIAL
The non-perturbative aspects of QCD thermodynamics can be studied using effective models, with quarks and Polyakov loop as relevant degrees of freedom [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . The parameters of such models are fixed, so as to reproduce the lattice results on different observables. We take advantage of our new lattice data on the Polyakov loop susceptibilities to construct a phenomenological Polyakov loop potential which takes fluctuations into account.
The most commonly used Polyakov loop models are the polynomial [21] and the logarithmic potential [17, 22, 23] , the latter includes the contribution of SU(3) Haar measure. While both models are constructed to match the lattice data on the equation of state and the average Polyakov loop, they predict very different results for the Polyakov loop susceptibilities. In particular, the polyno- 
FIG. 6: Left-hand figure:
The specific heat normalized to its Stefan Boltzmann limit obtained from lattice data from Refs. [5] and [7] , see text. Right-hand figure: Points are the thermal averages of the renormalized Polyakov loop as in Fig. 1 . The lines are the Polyakov loop model results discussed in Section III. mial model suggests, that for T > T c , the ratio R T > 1, while the logarithmic model gives R T < 1. In this regard, the lattice data in Fig. 4 clearly favors the model with the Haar measure included. Moreover, as noticed in Ref. [23] , the ratio R T > 1, would lead to the negative susceptibility χ LL = χ L − χ T , which is unphysical. This is in line with the theoretical expectation, that the logarithmic model is preferred, as it enforces the restriction of the Polyakov loop to the target region [17] .
Figs. 5 and 6 show comparison of the logarithmic potential model from Ref. [22] with the SU(3) lattice data. The model provides a reasonable description of the lattice equation of state and the specific heat. However, the temperature dependence of the renormalized Polyakov loop is described only in the vicinity of T c . This is hardly surprising, since the lattice data on the renormalized Polyakov loop overshoot unity at T > 3 T c . For any potential model, that complies to the restriction of the Haar measure, the Polyakov loop can never exceed unity. To tackle this problem in model calculations, we employ a smooth extrapolation of lattice data, from the temperature range (1.0 − 1.6) T c , to unity at high temperature. Fig. 6 -right shows such matching of the model results from Ref. [22] to the SU(3) lattice data on the renormalized Polyakov loop.
The potential from Ref. [22] fails to reproduce the temperature dependence of the longitudinal and transverse susceptibility of the Polyakov loop, as seen in Fig.  7 . Thus, considerations of the equation of state and |L| alone, are not sufficient to describe the pure Yang-Mills thermodynamics. One needs to take into account the effects of fluctuations.
To construct the thermodynamic potential, which is capable to quantify lattice data on fluctuations, we con-
where M H is the SU(3) Haar measure, which is expressed by the Polyakov loop and its conjugate, as
The restriction of the Polyakov loop to the target region is naturally enforced by the Haar measure. For the special case of vanishing c(T ) and d(T ), the potential in Eq. (8) reduces to the same form used in Ref. [22] . The potential parameters, can be uniquely determined from the lattice data on the equation of state, the Polyakov loop expectation value, as well as, its susceptibilities. The numerical values for model parameters and a description of methods applied are summarized in the Appendix II. The model predictions on different thermodynamic observables are compared with lattice data in Figs. 4-7 . Fig. 5 shows, that there is a very satisfactory description of lattice results on the thermodynamic pressure and the interaction measure, up to very high temperatures. Our model parameters are tuned to describe the most recent [7] , rather than previous [5] , lattice data on the thermodynamic pressure. This yields small differences between our and the previous [22] Polyakov loop model results.
The comparison of model predictions with lattice data for heat capacity c V , normalized to its Stefan Boltzmann limit c SB V = (32π 2 /15)T 3 , is shown in Fig. 6 . The lattice data for c V (T ) were extracted from the respective continuum pressure results. The derivatives were calculated by taking central differences between data points. The errors were estimated by O[h 2 ], where h = δT /T and δT is the difference between the grids around the specific point. The c V exhibits a shallow minimum above T c , which is reproduced by the present Polyakov loop model quite satisfactory.
The essential difference between our model in Eq. (8) and the previously proposed logarithmic potential, lies in the prediction for the Polyakov loop fluctuations. Figs. 7 shows, that both the longitudinal and the transverse susceptibility are very well described by the new Polyakov loop potential, while the logarithmic model tends to underestimate both susceptibilities.
IV. CONCLUSIONS
We have calculated the Polyakov loop susceptibilities in the SU(3) lattice gauge theory for different number of quark flavors, N f = 0 and N f = (2 + 1). For (2+1)-flavor QCD, the susceptibilities were calculated from the Polyakov loop results from [15] , where the HISQ action with almost physical strange quark mass and m u,d = m s /20 was used. For all cases, the extrapolations to the continuum and thermodynamic limit have not been performed yet.
We have discussed the temperature dependence of the longitudinal χ L , the transverse χ T and the absolute value χ A of the Polyakov loop fluctuations. We have analyzed general properties of the Polyakov loop susceptibilities in relation to the color group structure and motivated their ratios, R A = χ A /χ L and R T = χ T /χ L , as relevant observables to probe deconfinement.
A remarkable feature of different ratios of the Polyakov loop susceptibilities is their strong sensitivity to a phase change in a system. In the SU(3) pure gauge theory the ratios of susceptibilities show discontinuity at the critical point and exhibit a very weak, but different, temperature dependence in the confined and deconfined phase. The explicit breaking of the Z 3 center symmetry in QCD, due to quark fields, modifies this property.
The R A , and in particular R T ratios are substantially smoothened, yet still display interesting features related to the deconfinement. The R A converges to the asymptotic values found in a pure gauge theory, both in the confined and the deconfined phase. Whereas, the R T converges only to the low temperature limit of a pure gauge theory. At high temperatures and for light quarks, it differs substantially from the results obtained in a pure gauge theory.
We have used our data on the Polyakov loop susceptibilities to construct an effective Polyakov loop potential, which is consistent with all lattice results over a broad range of temperatures. We have shown, that the incorporation of fluctuations is important to describe thermodynamics of a pure gauge theory within the effective approach. The Polyakov loop potential developed in this work is open to a more realistic effective description of QCD thermodynamics with quarks. (5)- (7), obtained in the SU(3) pure gauge theory on 64 3 × 8 lattice.
Appendix I
In Table I , we summarize our lattice results on the Polyakov loop and its susceptibilities for SU(3) pure gauge theory on 64 3 × 8 lattice.
Appendix II
To fix parameters of the phenomenological gluon potential introduced in Eq.
with the Haar measure,
and the parameters a(T ), b(T ), c(T ) and d(T ).
The expectation values of both components of the Polyakov loop are obtained by solving the gap equations,
Focusing on the real sector, we denote the solutions of the gap equations as, L T = 0 and L L = L 0 . The pressure is then given by
To calculate the susceptibilities, we construct the curvature tensor,Ĉ
which is a 2 × 2 matrix, with L k = {L L , L T }. The susceptibility matrix is defined as, T 3χ =Ĉ −1 . In the real sector, the susceptibility matrix is diagonal. The explicit expressions for the longitudinal and transverse Polyakov loop susceptibilities read These two expressions, together with the gap and pressure equations, are sufficient to determine the potential parameters at different temperatures, having the lattice data for the thermodynamics observables.
The unique matching of model parameters with lattice data is only possible in the symmetry broken phase. In the confined phase, the Polyakov loop vanishes and the set of equations is no longer linear independent. The lattice susceptibilities data constrain only the quadratic terms in the effective potential and there is no restriction on parameters c(T ) and d(T ). In principle, they can be (17) and (18) .
fixed by lattice data on higher order cumulants of the Polyakov loops, which are neglected in the present study.
The temperature dependence of model parameters in Eq. (10) can be expressed by the following parametrizations, x(T ) = (x 1 + x 2 /t + x 3 /t 2 )(1 + x 4 /t + x 5 /t 2 ) −1 (17) for x = (a, c, d), whereas b(T ) is parameterized as
where t = T /T c and T c is the deconfinement temperature in the SU(3) lattice gauge theory. We have employed lattice results for thermodynamic pressure and interaction measure from Ref. [7] , while the results for the Polyakov loop were taken from Ref. [11] . The data for the longitudinal and transverse Polyakov loop susceptibilities, incorporated into our effective potential, were introduced in Section II.
Currently, the lattice data on the Polyakov loop susceptibilities are available only in the temperature interval 0.8 < T /T c < 6. Our model parameters, presented in Table II, are inherently restricted to this range.
